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Abstract 

In this paper we discuss how to generalize the concept of nucleation to the p- 
f- — branes with form fields. And we try to get ready for calculating the decay width of 

the dielectric brane. 
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1 Introduction 

P-branes, including of M-branes, D branes and NS-NS branes, in string/M theory are very 
important objects which appear in almost every recent paper in this area. The earlier 
references are reviewed in [U [21 HUE]. Several authors have given the static solutions of 
branes, see e.g. [2H3IHIIZIE] • Moreover, basing on the higher dimensional rotating black 
holes [Oj, Cvetic and Youm have also developed the rotating M-branes [T0|ITT]. 

In another respect, a new kind of branes, called flux branes, which are generalized from 
4-dimensional Melvin universe ^2] are researched in many papers fH[EJE3E3ElE3E]l 
120]. Among other things the authors of ref. [21] and |22J apply the flux-brane technique 
to the M-theory and find the supergravity solutions describing certain dielectric branes 
in 10 dimensions [2H]- in ref. |21] and |2I] the authors compare the supergravity solution 
with Myers' dielectric brane, the worldvolume theory, and find them in agreement with 
each other. Recently a paper appeared, in which the decay of dielectric brane is discussed 
by using the open string technique [22]. To look for its supergravity counterpart, we 
have to study the nucleation of dielectric branes. This means that before we consider the 
dielectric brane we should find the nucleation of p-branes first. That is the goal of this 
paper. Dowker et al. already studied these questions in a remarkable paper [THj . But they 
restrict themselves only in black hole solutions (solution of Einstein equation) without any 
form fields. When the form field is turned on, the case becomes quite different. We have 
to solve the new higher dimensional Einstein-Maxwell equations. 
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Therefore, in this paper, we first study what is the nucleation of a p-brane with form 
field, Emphasis is put on the explanation of dimension of field strength. Next, we analyze 
the relationship between the M5 brane and the dielectric one in nucleation case. To 
calculate the decay width of dielectric brane we have to find the nucleation of rotating 
M5 brane. Because it is still an open question till now, we leave it as a future job. For 
further investigation, we write down a note about rotating black holes, and discuss how 
to generalize the nucleation to the flux branes. 

2 Form fields in nucleation 

Let us start from the static solutions of p-branes. Consider the Lagrangian that there is 
a single field strength and a single or no dilaton (a = 0) field [7JIB]. 

e- l C = R- -{d^f - —^F\ a 2 = A - (1) 
2 V YJ 2n\ ' D-2 K J 

(see ref. [JJ for symbols) and the metric can be written in the following 

ds 2 D = e 2A (-dt 2 + dxidxi + e 2f dr 2 ) + e 2B ( e - 2f dr 2 + r 2 dtt 2 n ) (2) 

in which, % = 1, • • •, d — 2, n = d+ 1, A, B and / are functions ofr, d = p+1 = D — d — 2 
represents the dimensions of the brane part. In fact, the metric we use is the same as 
in ref. [JJ, except that the time is continued to an Euclidean coordinate r, and one of 
the space coordinates is continued to the time t. When we consider the reduction from 
11-dimension to the 10-dimension, r will be chosen as the compactification coordinate, 
the solution is [7j 

e 2/ = I _ A ;6 2A = H -^TT=2^ e 2B = H AUJ=2) } H = \ + ^ S mh. 2 /2 (3) 



/yd /yd 



and 



F M = sinh 5 m cosh 5 m ej +1 (4) 



for magnetic charged p-brane, 



2dk 

F E = —= sinh 5 e cosh 5 e e^ +1 (5) 
v A 



for electric charged p-brane. 

To nucleate the p-brane, we suppose that 

ds 2 D = e 2A (dxidxi + e 2f dr 2 ) + e 2B [e- 2f dr 2 + r 2 (da 2 + cos 2 adttl)} (6) 

in which, i — 1, • - -, d — 1, n = d and it has a solution in same form like e.qs. Q, ® 
and (0), but now d and d is decreased and increased by one respectively. Two points 
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are remarkable: 1) The nucleation solution is an Euclidean brane, its Lagrangian evo- 
lution is obtained by setting a = it in the transverse space [26J. 2) We have one order 
higher magnetic field strength or one order lower electric field strength. This needs to be 
interpreted. 

For 10 dimensional theory above mentioned, nucleation solution of p-brane is equiva- 
lent to a double analytic continuation of p — 1 brane. However in M-theory it is question- 
able even for continuation, since we do not have Ml and M4 branes. Therefore how to 
understand these field strengthes, especially F§ (for M5) and F% (for M2) appear in the 
theory is the key to the question. 

Let us explain it by using an example of D6 brane carrying a magnetic monopole which 
is reduced from 11-dimensional Taub NUT solution (For short, we consider the extreme 
case i.e. / = 0. And the following is in Einstein frame). 

dsl = H^H-dt 2 + dx^) + H 7 /\dr 2 + r 2 dnj), H =1 + — (7) 

r 

in Wu-Yang gauge 

F 2 = dA = *dH, A = Q m {±l - cos 9)dip (8) 

in which the Hoge star is defined with respect to the flat transverse space. The corre- 
sponding nucleation solution is 

ds% = H- 1/4 (dxidxi) + 7i z,i [dr 2 + r 2 (da 2 + cos 2 ad£%)],H = 1 + % (9) 

and 

J~z = *dH = Q m cos 2 a sin QdadOdtp (10) 

setting h(a) = J cos 2 ada, and choosing the integration constant so that h(0) = 1, then 
we can see 

jr 2 ( a ) = h{a)F 2 (11) 
as the evolution monopole field. Hence 

•7"3 = d a J 7 (a)da (12) 

represents the evolution rate of monopole field by the analytic continuation a = it. As 

for the "electric" brane (e.g. Do), the form field will be the dual of evolution rate of dual 
magnetic field. 

3 Dielectric effect 

Now let us study M5 brane in more detail. Because that there is no dilaton in M-theory 

A = e 2A = H- 2 '\ e 2B = H~ 2 ^ (13) 

D-2 v ; 
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so the metric is 



ds 2 n = H- 1/3 (-dt 2 + dxidxi + fdr 2 ) + H 2/3 [— + r 2 (d6 2 + sin 2 Ody 2 + cos 2 9dtt 2 2 )] (14) 



in which 

f = l-*l t H = l + ^sinh 2 <5 (15) 

and 

F 4 = 3(2m)sinh<5cosh<5cos 2 #sin«^e(,S 2 ) (16) 
The corresponding nucleation of M5 brane is 

ds 2 u = rL- 2lb {dxidxi + fdr 2 ) + H 1/2 {— + r 2 [da 2 + cos 2 a(d9 2 + sin 2 ddtp 2 + cos 2 9dtt 2 2 )]} 

(17) 

where 

/=i-£,w = i + (18) 

and 

12 

JF 5 = gL4 4 , Ai = 2m sinh 5 cosh 5 cos 4 a cos 3 6dadipe(S 2 ) (19) 

v 10 



can be also interpreted as the evolution rate of the evolution version of F±. For the 
nucleation slice a = 0, the metric has the same topology as the original M5 brane. The 
subsequent Lagrangian evolution is obtained by setting a = it. 

As mentioned in introduction, Cvetic and Youm generalized the Kerr-like black hole 
to the rotating M5 brane [TQ1E1- It seems that one might find a nucleation version of 
this stabilized solution. However, it is a pity that we have not get the correct rotating 
solution for nucleation M5 brane till now. Therefore we would like to mimic ref. j2I] to 
analyze the so-called dielectric effect of nucleation M5 brane in " maximal magnetic field" 
case [To] . 

First of all we give the compactification radius by using of missing conical singularity 
condition 

R u = g Va = r -j{cos\i5f /10 1 r A H = 2m (20) 
Then we perform the reduction along the Killing vector field 

setting ip = (f + Bt, the IIA metric can be written as 



+A- 1 / 2 H 1/10 jr 2 cos 2 a sin 2 9d<p 



2 
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in which 

A = H- 2 / 5 (f+ H^ 10 B 2 r 2 cos 2 a sin 2 9) = e^ 3 (23) 
To avoid the conical singularity, set the magnetic field parameter 

B = 1/Rn (24) 

And we have the following form fields 

Ap = jH 1/2 cos 2 a sin 2 6Bd<p, (25) 
12B 

A3 = — ^2msinh 5 cosh 5 cos 4 a cos 3 9 'dae(S 2 ), 
12 

Aa = —=2m sinh 8 cosh <5cos 4 a cos 3 8dadipe(S 2 ) 

vTo 



for r ^> r H (and sinh 2 5 is not too big) the string metric is reduced to 

ds 2 l0 = A 1 ? 2 {ds 2 (E 4 ) + dr 2 + r 2 [da 2 + cos 2 a(dd 2 + cos 2 ddnj)}} (26) 
+A~ 1/2 r 2 cos 2 a sin 2 6dip 2 

using the coordinate transformation 

p = r cos a sin 9, (27) 
fcosx = r cos ct cos 9, 
v sin x = r sin a 

the metric becomes 

ds 2 w = A 1 / 2 [rfs 2 (E 4 ) + ds 2 (M 4 ) + dp 2 ] + A" 1 W (28) 

in which we made a replacement of dv 2 + v 2 (dx 2 + cos 2 x^ 2 :) — * c?s 2 (M 4 ) when one of the 
coordinate is analytic continued to the time. The dual of the 2 form RR field strength is 

JF 8 = 25e(E 4 ) A e(M 4 ) (29) 

represents a flux 7 brane F7. 

The case we have studied corresponds to a dielectric brane immersed in a F 7 brane, in 
which D4 branes dissolve in a D6 brane. So this is the nucleation of the dielectric brane. 
Of course, we may also consider the near core approximation: r 2 = r 2 H + f 2 , f, 9 ~ 0. we 
have 

^2 



/~ 1— = 4A 2 , W ~ cosh 2 8, A ~ 4(cosh 5)- 4 / 5 (A 2 + cos 2 a# 2 ) (30) 



and 



ds 2 ~ V\ 2 + cos 2 afl 2 (cosh5)- 6/5 [ds 2 (E 4 ) + (cosh 5) 9/5 r 2 H [d\ 2 (31) 



W + cos 2 a(d9 2 + rffi 2 + ^-A^_ dy 2)] 



setting 

A 2 + # 2 cos 2 a = (cosh 5) 3/10 -^,A0 cos a = i (cosh 5) 3/10 sin 77 (32) 

r H 2 r H 

and 

/i=^(cosh5) 21 / 10 (33) 

in a ~ neighborhood we obtain 



dsf = ^ds\W) + (cosh S)"' b ^r 2 H (da* + cos' adfi£) + ^ds 2 (E d ) (34) 

where we use <ip 2 + p 2 (drj + sin 2 r/dp 2 ) — > c?s 2 (E 3 ) and the form fields become 

.4^, = (cosh 5) ~ 6/E >( 1 - cos 77)dy2, (35) 

9 • / 4 

4 3 = —j=r\ sinh25cos 2 a[(cosh<5)" 3/5 p(l - cos?]) (cosh £)" 9/10 cos 2 a]dae(5' 2 ), 

vlO 3 
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^4 4 = sinh2(5cos 2 a[-(cosh(5) 3 ^ 10 p(l — cost?) cos 2 a]dadpe(S 2 ) 

vlO 2 3 



4 About the nucleation of rotating black holes 

One question for preparing the nucleation of rotating M5 brane we would like to state is 
that instead of analytically continuing in one of the ignorable angles in e.q.(5.2) of ref. JH] 
we suggest to use formula 

ds 2 = f(dr — cos 2 a sin 2 6d<p) 2 H — = / 2 (cosa cos9d9 — sin a sin^rfa) 2 (36) 

r p p 2 f f 

+r 2 [da 2 + cos 2 a{d6 2 + cos 2 6dtt 2 p )} + j (r 2 - I 2 - ^) cos 2 a sin 2 6dp 2 

where 

t 1 2m t f I 2 cos 2 asm 2 6 2 2 2 2 2 . 2 

/=1-— — ,/ = / ,p =r -Z +/ cos asm (37) 

Although these two formula are equivalent with each other in mathematics, They are not 
equivalent in physical meaning. Because that in e.q.(|36|) the evolution space is whole fixed 
points of killing vector, But it is only a subspace of them in the former case. 



5 Nucleation of flux brane 

Our proposition about nucleation of p-brane is also applicable to flux branes. It is known 
that F p in type II strings, F 3 and F 6 in M-theory have been calculated in refs [T9^l2Til l2*Tj . 
We can use double analytic continuation to find the nucleation of F p brane from F p _i 
brane for type II flux branes just like above mentioned general type II p-branes. For flux 



6 



branes in M-theory like the M5 brane we may get nucleation F 6 brane solution as follows 
by using same symbols and same method in ref. (21]. Now D = 11, d = Q,d = 4, 

on 

/ = — -E 2 e f + 2AE 2 e g , g = E 2 e f + 18E 2 e 9 (38) 
9 

setting e 9 = rje^ , so that r\ = |f ,and 

e> = — iL_ e 2A = r^V/ 24 , e 2C = r/e 5 ^ 4 , e 2B = e^ 4 (39) 
[AEr) 2 

Then the metric for nucleation of F 6 brane in terms of the proper radial distance coordi- 
nate u is 

U M/6j„2/ 



ds< 



V 6 ds 2 (E 6 ) + du 2 + ^-u 2 (da 2 + cos 2 adnj) (40) 



v 3 ' v ' 29 
with 

= Ee(E 6 ) (41) 
which can be identified as the dual of the evolution rate of evolution version of 

Similarity, the nucleation of flux brane F 3 can also be written. 



6 Prospect 

We expect to gain the nucleation solution for rotating M5 brane. Then we can find 
the values of the radius of the relevant sphere and calculate the Euclidean action of the 
rotating system. Finally we can obtain the decay width of the dielectric brane. 
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